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1. INTRODUCTION

The notion of L-fuzzy ideal of a ring is introduced in [1], which is related to the notion of fuzzy ideals
over a ring in [2]. In 2008, Kazanci and Davvaz [3] applied the concept of fuzzy prime (primary) ideals to the
theory of rough prime (primary) ideals. In 2012, Navarro et al. [4] introduced and studied the concept of prime
fuzzy ideals over a non commutative ring. In 2016, Darani and Ghasemi [5] defined L-fuzzy 2-absorbing ideals
of a commutative ring. In 2017, Sonmez et al. [6] introduced the notion of 2-absorbing fuzzy ideals and 2-
absorbing primary fuzzy ideals of a commutative ring. In 2019, Yiarayong [7] gave a complete characterization
of fuzzy quasi-prime and weakly fuzzy quasi-prime ideals. In 2020, Asif et al. [8] explored the concept of
picture fuzzy near-rings (PFNRs) and picture fuzzy ideals (PFIs) of a near-ring (NR). In 2021, Ali and
Mohammed [9] introduced and examined the notion of hesitant fuzzy and hesitant fuzzy prime ideals of a ring.
Fuzzy sets of a ring have been studied in various algebraic structures, see [10]-[29].

Now in this paper we introduced and study picture fuzzy sets as generalization of a commutative ring
as well as fuzzy sets. We introduce the notions of picture fuzzy ideals on commutative rings and some
properties of them are obtained. Finally, we give suitable definitions of the operations of picture fuzzy ideals
over a commutative ring, as composition, product and intersection.

2. PICTURE FUZZY IDEALS
In this section, we concentrate our study on the picture fuzzy ideals and investigate their
fundamental properties.
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Let A = (uy,na vy) and B = (ug,np,vg) be any picture fuzzy sets over a commutative ring R.

Then A is called a subset of B denoted by A € B if uy < ug,n, = ngandv, = vg.
Definition 2.1 Let A = (u4,n4,v4) and B = (ug, ng,vg) be any picture fuzzy sets over a commutative ring
R.
1. The intersection of two picture fuzzy sets A and B is defined as the picture fuzzy set

ANB = (paNpp,Ma Vs, VaVVp).
2. The union of two picture fuzzy sets A and B is defined as the picture fuzzy set

ANB = (uaVpp,naAnp,va AVp).
We now consider another generalized fuzzy ideal which is called a picture fuzzy ideal of a commutative ring
R.
Definition 2.2 A picture fuzzy set A = (u4, 14, v,) 0f a commutative ring R is called a picture fuzzy ideal of
R if
1. A(xy) 2 A(x) UA(y) forall x,y € R,
2. A(x —y) 2 A(x) N A(y) forall x,y € R.
Remark 2.3 Condition (2) of the above definition is equivalent to A(x +y) 2 A(x) n A(y) and
A(—x) = A(x) forall x,y € R.
We now present the following example satisfying above definition.

Example 2.4 Let R = Z. Define the picture fuzzy set A = (u,, n4,v,4) as follows:

Uy Na Va

0 08 01 01
1 02 04 04
2 03 02 02
3 02 04 04
4 03 02 02
5 02 04 04

Then, clearly A = (14,14, v,4) IS a picture fuzzy ideal over a commutative ring R.
Let A = (uy,m4,v4) and B = (ug,ng, vg) be any picture fuzzy sets over a commutative ring R.
Define AGB = (uy ® g, na Q ng, v4 Q vg) is defined by

U a) Aug(z) ;3y,z€S,suchthatx =y +z
(s ® ) () =,

0 ; otherwise,

ﬂ nay)vng(z) ;3y,z€ Ssuchthatx =y+z
Mm@ =111

1 ; otherwise,

and

ﬂ nay) vng(z) ;3y,z€ Ssuchthatx =y+z
(va ®vp)(x) = X=y+2z

1 ; otherwise.

Theorem 2.5 Let A = (uy,n4,Vva), B = (Ug,ng,vg) and C = (uc,ne, ve) be any picture fuzzy ideals over a
commutative ring R. Then the following properties hold.

1. A(x) < A(0) for all x € R.

2. APA = A.

3. AOA = BOA.

4. (AOB)6OC = AO(BOC).

5. A00 = A where 0 = (0%,07,07) is a picture fuzzy set over R, defined by,

(1,0,0;x = 0

0(x) = {(0,0,1);x £ 0.

6. If A € B, then AOC < BOC.
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Proof. 1. Let x be an element of R. Then we have p,(0) = puua(x —x) = pa(x) A pa(x) = pyu(x) and
14(0) = nulx —x) < (x) Vnulx) =ny(x). Similarly, we check that v, (0) < v,(x). Therefore
A(x) < A(0) forall x € R.

2. Let a be an element of R. By (1), we have (uy @ pa) (@) = Ugoyiy la(2) A pisa(y) = pa(a@) A
1a(0) = pa(a) and (N4 ® 14)(@) = Na=xry Na(x) VNa(x) < my(a). Similarly, we check that
vy ® vy)(a) < vy(a). Therefore A € AOA. On the other hand, let a be an element of R. Then
(ta @ pa)a) = Ua=x+y ta(x) Auy(y) = Ua=x+y pa(x) Apg(=y) < Ua=x+y palx +y) =
ta(a) and (4 ® 1a)(@) = Na=x+y Ma() VN4(V) = Nazry Na(x) VN (=Y) < Nazysy Nalx +
y) = n,(a). It can be similarly proved that (v, ® v,)(a) < v4(a). Therefore AGA = A.

3-4. The proof is easy.

5. Let x be an element of R. Then we have
(0+ @ .U-A)(a) = Ua=x+y 0+(x) A MA()’)

< Ua:0+a 0+(0) A .uA(a)
= Ug=o0+a 1 A pta(a)
= Ug=0+a #a(@)
pala)
and (07 ®n4)(@) = Ng=xty 07 () VN4 (y) = ny(a). Similarly we can prove
(0" ® vy)(a) = v,(a). Therefore AOO = A.
6. The proof is easy.

3. OPERATIONS ON PICTURE FUZZY IDEALS
In this section, we give suitable definitions of the operations of picture fuzzy ideals over a
commutative ring R, as composition, product and intersection. Moreover, we obtain basic properties of such

picture fuzzy ideals.
Let A = (u4,navy) and B = (ug,ng,vg) be any picture fuzzy sets over a ring R. Define the

composition A O B = (i, © tg,Na ® Mg, V4 ® Vg) and product AB = (i, * Ug, NaNg, VaVg), respectively as
follows:

U pa(y) Aug(z) ;3y,z € S,suchthat x = yz
(Ha o pup)(x) = {5,
0 ; otherwise,

ﬂ na¥) Vne(z) ;3y,z € Ssuchthatx =yz
(Ma e mp)(x) = x=yz

1 ; otherwise,

ﬂ na) Vng(z) ;3y,z€ Ssuchthatx = yz

(vaovp)(x) = x=yz

1 ; otherwise

and

n
U (ﬂ Ba ) A ﬂ (2 ) 391, €S, such that x = )" yiz,

(g o pp)(x) =

|
{
{

_Zl 1YiZi i=1
0 ; otherwise,
n
UnA(yl)VUnB(zl > ;3y;, z; € S,such that x =Zyi Z;
Z‘L’l 1Yizi Ni= i=1
1 ; otherwise,
n n
vA(yi) v U vB(zl-)) ; Ay, z; € S,such thatx = Z Vi Z;
(vavp)(x) = X vz = =

1 ; otherwise.
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Theorem 3.1 Let A = (uy, M4, va), B = (Up,np,vg) and C = (uc,ne, ve) be any picture fuzzy ideals over a
commutative ring R. Then the following properties hold.
1L.IfAc B, thenCOA < C OB.
2.1f A < B, then CA € CB.
3.C0O (46B) < (C © A)O(C O B).
4.C(AOGB) € (CA)O(CB).
5, ©Ac Bifandonlyif CA € B.
6.BOACA.
7. If R is aring with identity, then R © 4 = A.
Proof. 1. Let x be an element of R. Then (g o ty)(x) = Uyegp Uc(@) A pg(b) < Usegp tc(a) Apg(b) =
(e o pup)(x) and (¢ * 14)(x) = Ny=ap Nc(@) VN4(0) < Ny=apc(@) V(b)) = (¢ * np)(x).
Similarly, it can be seen that (v¢ » v4)(x) < (v » vg)(x). Therefore C O A< C O B.
2. The proof is easy.
3. Let x be an element of R. Then we have

(o (ua ®up))®) = Uyeaptic(@) A (s ® pg)(b)

= U uc(a)/\< U MA(y)/\MB(Z)>

x=ab b=y+z
= Ux:ay+az(ﬂc(a) Apgy ()’)) A (ﬂc(a) A .UB(Z))
< Ux:ay+az(Uay:rs MC(r) A MA(S)) A (Uaz=tu MC(t) AﬂB(u))
= Ux=c+a(ttc © a)(€) A (pc © pp)(d)
= ((Hc °opa) ® (uc o MB))(X)
and
(nc c(Mma® UB))(X) = Ny=apNc(@) V(N4 ® 1) (b)
= Ny=apNc(@) V (nb=y+z nay) v 773(2))
= nx:ay+az(nc(a) Vna (J’)) \ (Uc(a) \% 773(2))
= nx=aLy+aLz(naLy=rs Uc(r) \ nA(S)) \ (naz=tu Uc(t) \ 773(11))

=[] @+ n@ v (e * 1)@
x=c+d
= ((TIC *N4) ® (¢ * TIB))(X)-
Similarly, we obtain that (v¢ » (v4 ® v))(x) = ((v¢ * v4) ® (v v))(x). Hence we conclude that € ©
(A0B) € (C © A)O(C O B).
4-5. The proof is easy.
6. Let x be an element of R. Then we have (ug © ps) (%) = Uyzgp Up(@) A pg(h) < Uszap a(@) A
#a(b) < Uszap pa(ab) = py(x) and

(778 'UA)(X) = m g (a)VUA(b) 2 ﬂ UA(a)VUA(b) 2 Ny=qp Nalab) = n4(x).
x=ab x=ab

Similarly we can show that (vg ¢ v,)(x) = (v4)(x). Therefore B O A € A.
7. The proof is easy.
Next, we develop some basic properties of the operations n and @.
Theorem 3.2 Let A = (uy,n4,v4) and B = (ug, ng, vg) be any picture fuzzy ideals over a commutative ring
R. Then the following properties hold.
1. A n B is a picture fuzzy ideal over R.
2. AOB is a picture fuzzy ideal over R.
Proof. 1. Let x and y be any elements of R. Then we have
(raApp)(xy) = pa(xy) A pp(xy)
= (uaAug)X)V (pa N pp) ),
(Ma Vv n)(xy) =na(xy) Vnp(xy)
S MaVne)(xX)AMaVne)),
(raApp)(x =)= pa(x —y) App(x —y)
= (pa Aug)() A (ua A pp) ()
and (MaV np)(x —y) =na(x —y) Viplx —y)
< MaVne)(X)V MaVne)).
Similarly, it can be similarly proved that (v, vV vg)(xy) < (v4 Vvg)(x) A (vy Vvg)(y) and (v, V
vp)(x —y) < (vqa Vvg)(x) V (v, Vvg)(y). Thus we have A N B is a picture fuzzy ideal over R.
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2. Let x and y be any elements of R. Then we have
(ua ® ug)(x —y) = Ux—y=a+b pa(a) A pg(b)
> Usx=q, +ay,y=b,+b, Ha(@1 — by) Aug(a; — by)

> m@aus@ |l | mbdaus®)

x=aq+a; y=b1+b;

= (ua @ up) () A (g ® up)(y)
(4 @ np)(x —y) = Nx-y=a+pMNa(@) V Np(b)
< Nyx=ay+ag,y=bs+b, Na(@1 — by) VN(a; — by)
< (Nx=ay+ap 1a(a1) VN(a2)) V (Nyop en, Na(bs) V 15(hy))
= M4 ®np)x) V(. ®np)(y)
(ua @ up)(xy) = Uxy=ab Ha(@) A pp(b)
= Uy=a1+a2(.uA(x) A HB()’)) \ (ﬂA(a1) /\.UB(az))
= (ua ® up)x) v (ua ® up) )
(77A ® 773)(96}’) = nxy=a+b 7lA(a) \ nB(b)
< ny=a1+a2(7lA(x) v TIB(}’)) A (UA(CH) v TIB(az))
= (14 ®@np)(x) A (Ma @ np) ).
Similarly we can see that (v, @ vg)(x —y) < (v ® vp)(x) V (v, ® v5)(y) and (v, Q vg)(xy) <
(v @ vg)(x) A (v4 ® vg)(y). Thus we have, AOB is a picture fuzzy ideal over R.

4. CONCLUSION

In the structural theory of picture fuzzy algebraic systems, picture fuzzy sets with special properties
always play an important role. In this work, we focus on a particular topic related to picture fuzzy algebra,
which develops picture fuzzy versions of commutative rings. Specifically, we study the theory of fuzzy sets
and picture fuzzy sets. We introduce the notions of picture fuzzy ideals on commutative rings and some
properties of them are obtained. Finally, we give suitable definitions of the operations of picture fuzzy ideals
over a commutative ring, as composition, product and intersection.
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